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Ž .Let Q be the class of functions of the form f z 1z c  c z 0 1
 which are meromorphic in the unit disk z  1 and satisfy there the condition
Ž .  4  Ž .4f z  0 and  z   f z  0 for nonreal z. We determine the radius of
starlikeness of order  ,   1, and the maximal domain of univalence of
the class Q.  2001 Academic Press
1. INTRODUCTION
Ž .    4Let the function f z be analytic in the unit disk D z : z  1
except for a simple pole at the origin, and let it have the Laurent
expansion
1
f z   c  c z  1Ž . Ž .0 1z
Ž .around z 0. Let Q be the class of functions of the form 1 which satisfy
Ž . Ž .  4  Ž .4the conditions f z  0, zD and  z   f z  0 for nonreal z
in D. A function f belonging to Q is called a meromorphic typically real
 function. Gelfer 1 has found the integral representation
22 1 zŽ .1
f z  d t 2Ž . Ž . Ž .H 2z 1 2 tz zŽ .1
Ž .  for the class Q, where  t is a probability measure on the interval 1, 1 .
   Ž .   Ž .4  Ž .4Remizova 3 obtained sharp estimates of f z ,  f z and  f z . Liu
   Ž .  Ž .2 obtained precise bounds of f  z and arg f  z .
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In the present paper we shall determine the radius of starlikeness
of order  ,   1, and the maximal domain of univalence of the
class Q.
Ž .We will denote by r  the radius of starlikeness of order  of the class
Q, i.e., that largest positive number r such that the inequality
zf  zŽ .
 	  3Ž .½ 5f zŽ .
 holds for all fQ and all z in the disk z 
 r.
Ž .  Denote by M a, b the set of probability measures on the interval a, b .
Ž .  Let g z, t be analytic in D for each t a, b and continuous in a
 t
 b
for each zD. Let V be the set of analytic functions of the form
b
f z  g z , t d t ,  t  M a, b .Ž . Ž . Ž . Ž . Ž .H
a
2 Ž .Let V be the subset of V for which  t are step functions with two
jumps at most. Let L be the set of continuous linear functionals on a set
of analytic functions in D. The following result is due to Ruscheweyh
 4, pp. 1920 .
Ž 2 .LEMMA. Let l , l  L and 0 not in l V . Then for each f V there1 2 2
corresponds an f  V 2 such that0
l f l fŽ . Ž .1 1 0 .
l f l fŽ . Ž .2 2 0
 Ž . Ž .4By the aid of this lemma we can derive precise bounds for  zf  z f z
for the class Q, and hence the radius of starlikeness of order  follows.
2. RADIUS OF STARLIKENESS
 Ž . Ž .4We begin with the estimation of  zf  z f z .
   THEOREM 1. Let fQ and let r z . Then, in the unit disk z  1, we
hae
zf  z 1 rŽ .
 
 , 4Ž .½ 5f z 1 rŽ .
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with equality holding for the functions
1
f z   2 z 5Ž . Ž .
z
' at the points zr. In the disk z  2 3 ,
zf  z 1 rŽ .
 	 , 6Ž .½ 5f z 1 rŽ .
Ž .with equality holding for the functions 5 at the points zr. On the circle
' z  2 3 ,
zf  z 1Ž .
 	 , 7Ž .½ 5 'f zŽ . 3
Ž .  with equality occurring for the functions 5 at the points z r and for the
function
221 zŽ .
f z  8Ž . Ž .2z 1 zŽ .
' 'Ž .  at the points zi 2 3 . In the annulus 2 3
 z  1,
zf  z 1 6 r 2  r 4Ž .
 	 . 9Ž .4½ 5f z 1 rŽ .
Ž .Equality holds for the function 8 at the points zir.
Ž . Ž . Ž .Proof. If we let F z  zf z , then by 2 we have
22 1 zŽ .1
F z  d t . 10Ž . Ž . Ž .H 21 2 tz z1
Ž . Ž . Ž .Let l F  z Fz  and l F  F. By the above lemma, both the mini-1 2
mum and maximum of the functional
z F z z Ž .Ž .
 ½ 5F z zŽ .
Ž .in the class of functions F of the form 10 at a fixed point zD are
attained for functions of the form







 1. Since1 2
z F z z  zf  zŽ . Ž .Ž .
  ,½ 5½ 5F z z f zŽ . Ž .
 Ž . Ž .4both the minimum and maximum of the functional  zf  z f z in the
class Q at a fixed point zD are attained for functions f of the form
221 z  1 Ž .
f z    ,Ž . 2 2z 1 2 t z z 1 2 t z z1 2
 where  1, 1 , 1
 t 
 t 
 1. This function can be written as1 2
22 21 z 1 2 sz zŽ . Ž .
f z  , t 
 s
 t .Ž . 1 22 2z 1 2 t z z 1 2 t z zŽ . Ž .1 2
Making logarithmic differentiation, we obtain
zf  z 1 3 z 2 2 z t  zŽ . Ž .1  2 2f z 1 z 1 2 t z zŽ . 1
2 z t  z 2 z s zŽ . Ž .2  . 11Ž .2 21 t z z 1 2 sz z2
If we write
1 1 1 1
i	  r , 
  r , z re ,ž / ž /2 r 2 r
and set
2 z t zŽ .
h t , z  ,Ž . 2½ 51 2 tz z
then

 t cos  	Ž .
h t , z  1 , 12Ž . Ž .2 2 2t  2	 t cos  




h 1, z  1 , h 1, z  1 13Ž . Ž . Ž .
	 cos  	 cos 
and
2	
 1 3 z 2
1 h 1, z  h 1, z 1  . 14Ž . Ž . Ž .2 2 2½ 5	  cos  1 z
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Ž . Ž .  Ž . Ž .4From 11  14 , we can express  zf  z f z in terms of h and obtain
zf  zŽ .
  1 h 1, z  h 1, z  h t , zŽ . Ž . Ž .1½ 5f zŽ .
 h t , z  h s, z . 15Ž . Ž . Ž .2
Ž .Differentiating both sides of 12 with respect to t, we get
h 
M tŽ .
 , 16Ž .22 2 2 t t  2	 t cos  
  cos Ž .
where
M t t 2 cos  2	 t 	 2  1 cos  cos2  .Ž . Ž .
Ž .  Clearly, M t increases over t 1, 1 and has a zero at t t , where0
2 2 2 4'	 	  	  1 cos  cos Ž .
t  . 17Ž .0 cos 
Ž .   Ž . Ž .It is easy to see that t  1, 1 if and only if cos   J 	 , where J 	0
is the only root of the equation
2	 	 2  2 x x 3  0Ž .
Ž .in the interval 0 x 1. In addition, if cos J 	 , then t 1.0
Ž . Ž .  If t 
1, then M t  0, and so h t 0 by 16 , t 1, 1 . Thus0
Ž .h t, z is increasing over 1 t 1. Therefore,
h 1, z 	 h t , z  h t , z  h s, z 	 h 1, z ,Ž . Ž . Ž . Ž . Ž .1 2
Ž .and by 15 ,
zf  zŽ .
1 h 1, z 	 	 1 h 1, z .Ž . Ž .½ 5f zŽ .
Ž .Using 13 , we have

 zf  z 
Ž .
	 	 .½ 5	 cos  f z 	 cos Ž .
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Letting cos  1, we obtain
1 r zf  z 1 rŽ .
	 	 . 18Ž .½ 51 r f z 1 rŽ .
Ž .If t 	 1, we can show in like manner that 18 is valid.0
Ž .It remains to treat the case where 1 t  1. In this case h t, z , for0
Ž . Ž .fixed z, decreases in 1, t and increases in t , 1 . Hence0 0
h 1, z  h 1, z  h t , z 	 h t , z  h t , z  h s, zŽ . Ž . Ž . Ž . Ž . Ž .0 1 2
	 h t , z . 19Ž . Ž .0
Ž . Ž .It follows from 15 and 19 that
zf  zŽ .
1 h t , z 	 	 1 h 1, z  h 1, z  h t , z .Ž . Ž . Ž . Ž .0 0½ 5f zŽ .
20Ž .
Ž . Ž .Substitution of t given by 17 into 12 leads to0
zf  zŽ .
G y 	 	 g y , 21Ž . Ž . Ž .½ 5f zŽ .
Ž .2where 0
 y
 J 	 ,
2 2 2'	 	  	  1 y yŽ .
G y    1 h t , z ,Ž . Ž .02
 2
 1 yŽ .
and
2 2 2'2	
 	 	  	  1 y yŽ .
g y   Ž . 2 2
 2
 1 y	  y Ž .




G y   0,Ž .
2 2 24 '1 y 	  	  1 y yŽ . Ž .
Ž . Ž . Ž . Ž Ž .2 . Ž .2G y is increasing on 0, 1 , and so G y 
G J 	 for y
 J 	 . The
Ž .2 Ž .case y J 	 means cos J 	 , which implies t 1. If cos 0
Ž . Ž Ž .2 . Ž .  Ž . Ž .J 	 , G J 	  1 h 1, z  
 	 J 	 , and if cos  J 	 ,
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Ž Ž .2 . Ž .  Ž .G J 	  1 h 1, z  
 	 J 	 . Thus
zf  z 
 
 1 rŽ .
 
   .½ 5f z 	 J 	 	 1 1 rŽ . Ž .
Ž . Ž .This and 18 establish inequality 4 . Now, let us turn to find the minimum




g  y   Ž . 2 2 2 22 4 '1 y 	  	  1 y yŽ . Ž .	  yŽ .
22 2 2 2'8	
 1 y 	  	  1 y y  	  y 
Ž . Ž . Ž .
 22 2 2 2'4 	  y 1 y 	  	  1 y yŽ . Ž .Ž .
has the same sign as
22 2 2 2'8	 1 y 	  	  1 y y  	  y .Ž . Ž . Ž .
Each zero of this expression is also a zero of
422 2 2 2 2p y  64	 1 y 	  	  1 y y  	  yŽ . Ž . Ž . Ž .
 64	 2  1 y4  4	 2 16	 2  47 y3  6	 2 31	 2  32 y2Ž . Ž . Ž .
 4	 2 	 4  48	 2  16 y 	 4 64 	 8 .Ž . Ž .
Ž . Ž . Ž . Ž 2 .4Since p   p   and p 1  	  1 , there is a point
Ž .y lying in the ray  y 1 such that p y  0. Let y be the least1 1 2
Ž . Ž .root of p y  0 in the ray y y . As p y is a polynomial of degree four1
and
2 2 2 2 2 2p y  12 64	  1 y  2	 16	  47 y 	 31	  32Ž . Ž . Ž . Ž .
Ž .has two different zeros, p y has three stationary points, say y , y and y ,3 4 5
y  y  y . Clearly y and y are points of minimum, while y is the2 4 5 3 5 4
Ž . Ž . Ž 2 .3point of maximum. Since p 1  0 and p 1  4 	  1  0, the point
Ž .y 1 lies either in the interval y , y or to the right of y . But y is3 2 5 5
Ž Ž . .not less than the larger point of inflexion the larger root of p y  0 ,
say y ,0
2 2 2 2'	 16	  47  4	 	  1 16	  2Ž . Ž .
y   1.0 264	  1
Hence y  1.2
DONG AND LIU430
Ž . Ž . Ž .  If p 0  0, then p y and hence g  y are negative on 0, 1 , so that
Ž .  Ž .2  Ž . Ž Ž .2 .g y is decreasing on 0, J 	 . Hence g y 	 g J 	 .
Ž . Ž . Ž Ž ..If p 0 	 0, then y 	 0, and p y and hence g  y is positive on1
Ž . Ž . Ž . Ž .0, y and negative on y , 1 , so that g y is increasing on 0, y and1 1 1
Ž . Ž .decreasing on y , 1 . Therefore in this case the minimum of g y in the1
 Ž .2 interval 0, J 	 is equal to
2min g 0 , g J 	 .Ž . Ž .Ž .
Ž .From 22 we obtain
2
 	 1 6 r 2  r 4
g 0   Ž . 4	 
 1 r
and




 	  .
	 J 	 	 1 1 rŽ .
'Thus for 2 3
 r 1,
1 6 r 2  r 4
g y 	 ,Ž . 41 r
'and for 2 3	 r 0,
1 r
g y 	 .Ž .
1 r
Since for fixed z rei,
zf  zŽ .
 	 g y ,Ž .½ 5f zŽ .
'Ž . Ž . Ž . Ž .inequalities 6 and 8 are proved. Inequality 7 follows from g 2 3
' 1 3 .
Ž . Ž . Ž . Ž .It may be checked that the equality signs in 4 , 6 , 7 , and 9 are
Ž . Ž .achieved by functions 5 or 3 , as indicated in the theorem. The proof of
Theorem 1 is complete.
Ž .As a consequence of Theorem 1, we find r  , the radius of starlikeness
of order  ,   1, of the class Q.
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THEOREM 2. In the class Q of meromorphic typically real functions in
  Ž .z  1, the radius of starlikeness r  of order  ,   1, is
1 
r   ,Ž . ( 2'3 8 
'if  
 1 3 0.57735 . . . and
1 




Ž .In particular, the radius of starlikeness of the class Q is the number r 0
' 2  1 0.41421 . . . .
Remark. Let T be the class of analytic typically real functions in ther
 unit disk z  1, which are of the form
z1
f z  d t ,Ž . Ž .H 21 2 tz z1
Ž . Ž .  where  t is in M 1, 1 . Todorov 5 has found that for the radius of
Ž .starlikeness of order  , denoted by   , of the class T , i.e., for f T ,r r
the inequality
zf  zŽ .
 	 ½ 5f zŽ .
  Ž .is valid in the disk z 
   .
Ž . Ž .It should be noted that for 0
  1 we have    r  .
Applyng Theorem 1 to the equation
zf  z Ž .
i   r log f reŽ .½ 5f z  rŽ .
and integrating the resulting differential inequality, we deduce the follow-
ing result:
 THEOREM 3. Let fQ. Then on the radius arg z  ,   , , we
hae the following estimates:
Ž .a If 0 r  r  1, then1 2
2if r e r 1 rŽ .Ž .1 2 1
  .2i rf r eŽ . 1 rŽ . 12 2
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Ž .Equality is attained by the functions 5 with  and  0, respec-
tiely.
'Ž .b If 0 r 
 r 
 2 3 , then1 2
2if r e r 1 rŽ .Ž .1 2 1	  ,2i rf r eŽ . 1 rŽ . 12 2
Ž .and equality is achieed by the functions 5 with  0 and  ,
respectiely.
'Ž .c If 2 3
 r 
 r  1, then1 2
2i 2 2f r e r 1 r 1 rŽ . Ž . Ž .1 2 2 1	  ,2i 22f r e r 1 rŽ . Ž .2 1 11 rŽ .2
Ž .and equality is attained by the function 8 with 2.
'Ž .d If 0 r 
 2 3
 r  1, then1 2
2i 2'f r e 4 3 r 1 r 1 rŽ .Ž . Ž .1 2 2 1	   .2i 29 rf r eŽ . 12 1 rŽ .2
3. DOMAIN OF UNIVALENCE
Ž . Ž . THEOREM 4. Let f z Q. Then f z is unialent in the domain z
'    1z  2, z  1, i.e., in the intersection of the two disks z i  2 .




which maps D conformally onto the -sphere slit along the segment
' '     2, 2 . The intersection of the disks z i  2 and z i  2 is
 mapped onto the domain   2. Since
22 21 z   4Ž .
 ,2  2 tz 1 2 tz zŽ .
Ž . Ž .f z is transformed by 2 , to
 2  41
F   d t . 23Ž . Ž . Ž .H
 2 t1
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Ž .  We need only prove that F  is univalent in   2. If we can show that
Ž .  F  is univalent on each circle   r, r 2, our theorem will be
established.
   Let   arg  , k 1, 2,     r 2. Thenk k 1 2
F   F     2 t     4Ž . Ž . Ž .11 2 1 2 1 2  d tŽ .H 2      2 t     4 tŽ .11 2 1 2 1 2
and
F   F  P r , t , u , Ž . Ž . Ž .11 2  d t , 24Ž . Ž .H 22½ 5       2 t     4 t1 Ž .1 2 1 2 1 2
Ž .  Ž . where u cos    2 ,   cos    2 , and1 2 1 2
P r , t , u ,   r 4  8tr r 2  2 2 t 2 u  16 t 2 r 2 2Ž . Ž .
 8 r 2 1 t 2 u2  4 r 2 1 t 2  16 t 2 . 25Ž . Ž . Ž .
Ž .In the case t1, the corresponding F    2 are obviously
Ž .univalent. We shall show that P r, t, u,   0 for r 2, 1 t 1,
1
 u
 1, and 1
 
 1.
Ž . Ž .First, if  1, then P r, t, u, 1 and P r, t, u,1 , as functions of u,
attain their minimal values at u u and uu , respectively, where0 0
t r 2  2 2 t 2Ž .
u  .0 22 r 1 tŽ .
Hence
P r , t , u , 1 	 P r , t , u , 1Ž . Ž .0
2 t 2 r 2  2 2 t 2Ž .
4 2 2 2 r   4 4 3r t  4 rŽ .21 t
21 t
4 2 2 4 8t  4 2 r t  rŽ .21 t
1 t 2
4 2	 r  2 r  2  0 26Ž . Ž .22 1 tŽ .
and
P r , t , u ,1 	 P r , t , u ,1Ž . Ž .0
1 t 2
4 2	 r  2 r  2  0. 27Ž . Ž .22 1 tŽ .
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Ž .  Next, if u1, then P r, t, 1,  are monotonous on   1, 1
and
P r , t , 1,   r 4 8 rt r 2  2 2 t 2   16 r 2 t 2 2Ž . Ž .
 4 r 2 1 t 2  16 t 2Ž .
4   2 2 2 2 2 r  8 r t r  2 2 t  4 4 5r t  4 r .Ž . Ž .
The last expression decreases with increasing t for r 2 so that
4P r , t , 1,  	 r 2  0. 28Ž . Ž . Ž .
Ž . Ž .Finally, if P r, t, u,  has a minimum at an interior point u,  of the
Ž .square 1 u,  1, then u,  satisfies Pu 0 and P   0,
i.e., it satisfies the following two equations:
16 r 2 1 t 2 u 8 rt r 2  2 2 t 2   0,Ž . Ž .
 8 rt r 2  2 2 t 2 u 32 r 2 t 2  0.Ž .
Since the determinant
2 2 2 216 r 1 t 8rt r  2 2 tŽ . Ž .
2 2 2 28rt r  2 2 t 32 r tŽ .
2 2 2 216r t r  2 1 t  0,Ž .
this pair of simultaneous equations can have only a pair of zero solutions
Ž . Ž .u,   0, 0 . Hence in this case we have
P r , t , u ,  	 P r , t , 0, 0Ž . Ž .
 r 4  4 r 2  4 t 2  4 r 2Ž .
	 r 4  4 r 2  4  4 r 2Ž .
22 r  4  0. 29Ž . Ž .
Ž . Ž . Ž .  We conclude from 26  29 that P r, t, u,   0 for r 2, t 1, 1 ,
    Ž . Ž .u 1, 1 , and   1, 1 . Thus, by 24 , we have verified that F  1
Ž .F  if    . The proof of Theorem 4 is complete.2 1 2
i  For every point z  re in D satisfying z  1z  2, Lemma 2 in0 0 0
 2 indicates that there are infinite many functions f in Q with z as a0
Ž .critical point, i.e., f  z  0. For example, the function0
22 2 2 21 z q 4 p  qŽ .
f z  Ž . 2 22 ž /1 pz z4 p zŽ . 1 zŽ .
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belongs to the class Q, where
1 1
p z  , q z  .0 0½ 5 ½ 5z z0 0
Ž .This function satisfies the condition f  z  0. Hence the intersection of0' the two disks z i  2 is the maximal domain of univalence of the
class Q, and the proof is complete.
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